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Abstract 

Knowledge of all-a' higher derivative corrections to leading order BPS and non- 
BPS brane actions would serve in future endeavor of determining the complete 
form of the non-abelian BPS and tachyonic effective actions. In this paper, we 
note that there is a universality in the all-a' order corrections to BPS and non- 
BPS branes. We compute amplitudes between one Ramond-Ramond C-field 
vertex operator and several SYM gauge/scalar vertex operators. Specifically, 
we evaluate in closed form string correlators of two-point amplitudes A c< ^, A C ~ A , 
a three-point amplitude A c ^, and a four-point amplitude A c ^. We carry out 
pole and contact term analysis. In particular we reproduce some of the contact 
terms and the infinite massless poles of A c ^ by SYM vertices obtained through 
the universality. 



1 Introduction 



D-branes are sources for closed string RR fields in string theory [T]. Many results on 
their properties have been obtained [2]. Without the higher derivative corrections in string 
theory, the action takes the Born-Infeld [31 E] and Wess-Zumino (WZ) forms [5]. A recent 
comprehensive discussion on the higher derivative corrections to BPS and non-BPS effective 
actions can be found, e.g., in works of [6] and [7J. An attempt at finding universal higher 
derivative corrections was made [8], and higher derivative corrections to WZ couplings for 
non-BPS branes were obtained in [9] and [10]. Roles played by D-branes were reviewed, 
e.g., in [II] and [12]. 

There has been recent progress in string amplitude computation ( see [13] for an early 
development) and its matching with the corresponding low energy DBI computation [6], 
where in the amplitude of one RR closed string vertex and three open string gauge field 
vertex operators has been computed in detail. A related analysis for higher derivative 
corrections of two scalar and two tachyon vertex operators for a non-BPS case to all orders 
of a! was carried out in [7J . Subsequently, the amplitude of one RR closed string vertex and 
two open string gauge fields and one open string scalar field vertex operator was computed 
in [8]. There, we found all higher derivative corrections to the two-gauge field and two- 
scalar field couplings in a closed form by explicit S-matrix computation. The all-a' order 
vertices of SYM were determined by analyzing the poles and contact terms. 

One of the motivations behind our recent and present works is to better understand 
the full closed form of the non-abelian DBI action. The closed form of non-abelian DBI 
action has been evasive despite the continued efforts so far (see for instance [Hl[l5]). With 
an ultimate goal of determining the closed form of the non-abelian action, we continue 
collecting "data"; we analyze another set of amplitudes involving one RR C-field vertex 
and a few open string vertices. The data will serve as a useful guide to determining the full 
non-abelian DBI action. (Or if the full DBI action is discovered by another method, the 
data will provide useful cross checks.) 

In this paper we analyze amplitudes of one RR vertex operator C and a few scalar field 
vertex operators in closed form; after warming up with < VcV$ > and < VcV^V^ > (we also 
compute < VqVa >), we analyze the case of < VcV^V^V^ >. Although < VcV^V^V^ > was 
considered in [16] , we have decided to revisit this amplitude for several reasons. Firstly, the 
final form of our amplitude computation is different from that of [15]. Several subtleties are 
involved in the computation; we will note them based on the recent work [6] . We present all 
details necessary to derive our results below. In addition, we carry out all infinite poles and 
some of the contact term analysis, and determine the corresponding SYM vertices. This 
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part of the analysis was not carried out in [16]. Our computation is based on Wick-like 
contractions given in [HIE]. Secondly, the amplitude is relatively simple yet expected to 
serve as another test ground for universality, a property that we expect to be a useful asset 
in future understanding of the closed form of DBI action. The results of [61 [TJ |8] suggest 
a method for finding all-a' order corrections to BPS (and non-BPS) DBI actions. The 
method is based on a universality in the pattern of all-tV order extension of the vertices in 
the BPS (and non-BPS) brane actionsE Utilizing the pattern, we determined closed-form 
higher derivative corrections to four-scalar interaction vertex, and confirm them with an 
explicit Feynman diagram computation. 

The third reason for considering < VcV^V^V^ > is its relevance for Myers' effect. We 
analyzed < VqVaVaV^ > in [8], and new WZ couplings were obtained. The result has been 
applied in [18] to understand the M5 brane N 3 entropy scaling. In particular, (31) of [Sj 
was discussed in sec 4.2 of [18]. Similarly, some of the new WZ couplings that we find below 
are expected to play a role in the higher a' contributions to the entropy of various brane 
configurations. In fact we have noticed that Myers' terms can be realized in a peculiar 
manner from the coupling between open and closed strings. They come from the closed 
string coupling to a lower dimensional branes. The lower dimensional branes can be viewed 
as soliton solutions of the branes that one started with. We also have obtained solutions 
that represent dissolution of lower dimensional brane inside of higher dimensional brane 
which is a manifestation of Myers' terms [19]. For D(— 1)/D3 system, it could be higher 
a'-order dielectric effect that is responsible for the N 2 behavior [18] and |20j . 

The rest of the paper is organized as follows. In section 2, we start by analyzing two- 
point amplitudes < VqV^ > and < VqVa >■ Then we compute a three-point amplitude 
between one RR and two scalar fields < VcV^V^ >, and work out with contact terms. We 
determine the corresponding field theory vertices that reproduce all infinite contact termsjfl 
In section 3, which contains the main result of this work, we carry out the analogous analysis 
for < VcV^V^V^ >. First, we compute the string amplitude in closed form and analyze the 

1 One may wonder if it is possible to find higher derivative corrections of BPS branes by applying 
T-duality to previously known results. T-duality in open string loop computations is subtle and is not as 
effective as in tree amplitudes [21] (in particular, see footnote 4 therein). Although we are considering tree- 
level diagrams, the amplitudes share certain attributes of open string loop diagrams due to the presence 
of a closed string. Instead of relying on T-duality, we note that there is a persisting pattern in the higher 
order derivative corrections and that one may use the pattern as a prescription for determining the forms of 
the higher order corrections. As we will discuss, the prescription works not only for BPS cases but also for 
non-BPS cases. Recall that the forms of vertex operators for tachyons are quite different from gauge/scalar 
field vertex operators. We will comment on T-duality related issues in the conclusion. 

2 See [5] for an earlier attempt. 

3 The corresponding analysis for one RR, one gauge field and one scalar field was done in the appendix 
of 0. 
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infinite poles. Then we review the infinite extension results of [7J El |8] in which various 
amplitudes of two tachyons and two scalar fields, four gauge fields, two gauge fields and two 
scalar fields were analyzed. We notice a persisting pattern in the form of higher derivative 
corrections in those results. Taking the pattern as a prescription we determine, with correct 
coefficients, the all-order higher derivative corrections to the SYM four-scalar couplings. 
We further comment on T-duality related aspects in the conclusion after summarizing the 
results of the present work. 

2 Analysis of < VcVj, >, < V C V A > and < VcV^Vj, > 

We start by considering relatively simple amplitudes < VcV^ >, < VqVa >, and < 
VcVffiVcj, > as a warm-up, and give more details for < VcV^V^ >. After computing the 
string amplitudes, we determine through inspection the SYM vertices that reproduce the 
momentum expansion of the string amplitudes. There are patterns in the field theory ver- 
tices that reproduce the leading order poles and contact terms that allow one to find the 
all-order extensions of these vertices. The patterns were present in the previous works [6], 
[7] , [8] and [10] and they persist in the present work. We will see the first example of the 
pattern in < VcV^V^ > and more examples in section 3. 

2.1 < V C V^ > 

Here we consider BPS amplitudes in flat space and set all background fields to zero. The 
(0)- and (-1)- picture vertex operators for the scalar fields, gauge fields and the RR C-field 
vertex operator in (-l)-picture are given bjfl 

V^\x) = tJdX^x) +a'ik-^\x)je a ' ik - x{x \ 

Vl _1) (xi) = i a ^ a (x 1 )e-' i,{ - Xl) e a ' iq - x{xi) 
Vt*'~*\z,z) = (P_^ (n )M p )^e-* (z)/2 ^ Q (z)e^ p -- YW e-^ )/2 5 /3 (z)e^ p - D - x(s) , (1) 

where (k,q,p) are the momenta of the scalar field, gauge field and C-field. They should 
satisfy the on-shell condition k 2 = q 2 = p 2 = 0. Our notation is such that the spinorial 
indices should be raised by the charge conjugation matrix, C a/3 

(P^ (n) )^ = C^(P^ (n) )/ (2) 

4 We keep a' explicitly in this work. We can set a' = 2 on the string theory side to simplify the 
computations. Some of our conventions were summarized, e.g., in Appendix A of |S]. 
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In particular, the traces are defined as the following 

Tr(P_^f (n) M p7 fc ) = (P.^ n) M p ) afi ( 1 k Cr 1 ) a p 
Tr(P_^ {n) M p P ai ) = {P_$ {n) M p y {T jai C- l U (3) 

where P_ is a projection operator and its definition is P_ = |(1 — 7 11 ), and the definition 
of RR field strength is 

g, . = ^ ^ n 

n\ ^■■■ fln 1 ' ' ' ' ' 

with n = 2, 4 for type IIA and n = 1,3,5 for type IIB. a n = i for IIA and a n = 1 for IIB 
theory. To work with standard holomorphic world sheet correlators, we embed the usual 
doubling trick. To see doubling trick and more details on correlation functions between 
spin operators and some currents and/or fermion fields we refer to Appendix A of 0. One 
may use holomorphic correlators for the world-sheet fields 7/^,0 

(X"{z)X v {w)) = -T]^\og{z-w), 
(^{z)ijj v {w)) = -rj^(z-w)- 1 , 

((f)(z)(f)(w)} = -log(z-iy). (4) 

Note that in this paper we do not fix the over all signs of the equations. 
Let us consider 

A C<t> ~ Jdx 1 dzdz(vj- 1 \x 1 )V^- 1 *\z,z)), (5) 

where the open string vertex operators ( for this amplitude just x±) should be inserted at 
the boundary of disk world sheet and the closed string vertex operator such that z = x + iy, 
z = x — iy must be inserted inside of disk. After performing Wick contractions, one finds 

A°+ = -(^)6iTr(P_^ (n) M p f) (6) 

The amplitude has been normalized by multiplying y ^ ]L fi p . The normalization is chosen 
to match with the field theory computation. There will be similar rescalings for other 
amplitudes below. Above we have used the Jacobian j = IX14X45X51 1, X4 = z, X5 = z. In 
the field theory, this amplitude is reproduced by the following coupling, 

= Xllp j d p+1 crj-^(eT°- ap Tr (<&<) $Cj££(a) . (7) 

The scalar field in the coupling above comes from the Taylor expansion (see section 5 of 
[7]). Note also that \x p is the RR charge of branes and ^£ v ) a °'" ap is the volume form parallel 
to the world volume of the brane. Eq. (jTJ) can be rewritten as 

= X^J d^a-^—isT ^ Tr (<&') H^(a) . (8) 
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One can easily check that © precisely reproduces the string theory amplitude of (JBJ). Our 
second example of a two-point amplitude is < VcVa >> 

A CA ~ fdx 1 dzdz{vi- 1) (x 1 )v£ t *'~* ) (z,z)), (9) 



The final form of the amplitude is given by 

A CA ~ 2- 1 /^ laT r(P^ (n) M p7 a )(^^) (10) 

where the amplitude has been normalized with nflp2 1 . The result can be reproduced by 
field theory using a coupling between a RR (p-l)-form and one gauge field; it takes the 
form of a Wess-Zumino coupling, 

S {2) = (2W)/i P / d p+1 aC {p - l) A F . 

This WZ action can be rewritten as 

= i(2WK/ d^a^(er n H^l ap _^ ap . (11) 

Extracting the trace in (fTUl) and considering the coupling (iTTj) in field theory exactly repro- 
duce the amplitude of < VqVa > in ( fTUl) . 



2.2 The three-point function < VcVaV^ > 

The scattering amplitude between one RR and two scalar fields < VcV^V^ >@ is given by 

A c *+ ~ Jdx 1 dx 2 dzdz(Vy i \x 1 )vj°\x 2 )V^'- l2 \z,z)), (12) 

After some algebra, one gets 

A CH ~ | dx 1 dx 2 dx i dx 5 (P-tf^M^Zu&jX^ixux^y 1 / 2 

x(h + I 2 ) (13) 

where ii and J2 are given by 

_ <; e a'iki.X(xi) . QX^X2)e a ' ik2 ' X<yX2 " 1 \ e i ^ P ' X ^ : e i! YP- D - x ( x 5) : > 

x<: S Q (x 4 ) : ^(x 5 ) : ^(21) :>, 

J 2 = <■ e <*'iki.X(xi) . e a'ik 2 .X(x 2 ) . e i^p.X{x A ) . e i\p.D.X{x b ) t> 

x<: S a (x A ) : S fi (x 5 ) :: ^(^i) : a'ik 2a V^ \x 2 ) >■ (14) 



5 The three-point amplitude < VqVaVa > and its infinite contact terms can be found in |22j in the 
current context. 
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Using the basic OPEs [T7J [9j [10] , the fermionic correlators are given by 

I\ = <: S a (x 4 ) : Sp(x 5 ) : tf{x x ) :>= 2- 1 / 2 x^ / \x u x 15 )- 1 / 2 ( 1 l C~ 1 ) a p. (15) 

1 



<: S a (x 4 ) : S>(x 5 ) : ^fai) :> 



-x 45 ^ x 14 1 x 15 1 (r m c 1 



a/3- 



Generalizing this, the correlation function of two spin operators, one fermion field and one 
current was obtained in [6] according to which, 

<: S a (x 4 ) : S p {x 5 ) : ^i) : ^V(^) :> 



J 2 



X12X45 

x2^ 3 / 2 x^ 4 (x 24 x 25 )- 1 (x 14 x 15 )- 1 / 2 . 



(16) 



Substituting the spin correlators above into the amplitude and working out the X correla- 
tors, one finds 



A ** ~ J dx^dxidx^fl^M^I^x^ixuX^] 



-1/2 



x [I{{a{)+ia'k 2a ir 



(17) 



where 



F12 



la fei-fe 
^54 



Sl4^15|^ fcl - P 



3^24^25 | 



-fe2.p 



^45 I 



-p.D.p 



Let us gauge-fix SL(2, R) invariance as follows: 

(x 1 ,x 2 ,x 4 ,x 5 ) = 

with which the jacobian takes J = —2i(l + a; 2 ). The amplitude now takes 



(19) 



dx{x 2 + l) 2t - 1 x- 2t (2^ 2j 2- 1/2 2- 2t ) 
- p>Tr (P^ (n) M p Y) + k 2a Tr (P_^ {n) M p T^ a ) 



(20) 



where t = :: ^-{ki + k 2 ) 2 . Note that the term a R ^^ 25 ^ does not contribute to the amplitude. 
This is because the integrand is odd and the integration is over the whole worldsheet. 
Carrying out the integration and using momentum conservation, the final result of the 
amplitude is shown to be 



roc c o- 1 / 2 ^ 1 / 2 ^^ ^+2 
(2£ii£ 2 j2 1 7r ' ) 



r(-t + i) 



(21) 
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Figure 1 : The Feynman diagram corresponding to the amplitude of $21}) . 

Let us consider the low energy expansion in which the Mandelstam variable t is sent 
to t — > 0. The limit is equivalent to taking a' — > on the string amplitudes. It turns out 
that the amplitude is non zero only for n = p + 2. It is obvious from the gamma functions 
that the desired amplitude has an infinite number of contact terms. The expansion of the 
T-function factors can be written as 

The first few coefficients, 

7T 2 

c_! = 1, c = 2/n(2), ci = — + 2/ra(2) 2 (23) 

6 

Let us find the SYM vertices that reproduce this string result. First we start with a Chern- 
Simons action. The minimal form of the vertex includes a bulk RR (p+l)-form potential 
and the two world volume scalars, 

s<3> = { 2(p + 1)! / ^^r^ivvw^liv) 

The scalars have come from the Taylor expansionl One can rewrite the coupling above as 

= i-^^lrfiH-i^-o---^^)^^^) (24 ) 

Normalizing the amplitude fl2T]) by nfip % 1 , it is possible to produce all the contact terms 
for the first term of the amplitude (T2TT) by a higher derivative extension of the coupling 

6 Given a string amplitude that involves scalar vertices, there are three ways to construct the corre- 
sponding field theory vertices. The first is through Wess-Zumino type interactions, and was proposed in 
the Myers' paper [4]. The second is to examine pull-back procedure. The third - which we call "Taylor 
expansion" - was mentioned for example in section 5 of [7]. The terms of the third type take the form of 
Taylor expansion but they do not arise from Wess-Zumino terms. 
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above, 



s (3) = ^^JdP^r-^H^iia 



2(p 

c 

J2 c n (a , r +1 Tr(d ai ...d an+1 ¥d a K..d a ^^) (25) 



oo 

X 

n=-l 



where = dC^ p+1 \ Now we are going to re-derive all infinite contact terms of the 

second term of (l2~Tj) . In order to do so, the following interaction vertex must be taken as 
well, 

S (4) = i^/d^V( e «)^Tr(^$*I? 01 ^)(p)C^(^ (26) 

The scalars come from pull-back. By considering the antisymmetric property of (£ v ^ a °'" ap , 
the higher derivative extension of (|26|) can be re-expressed as 

\2 „ oo 



n=-l 



Since only the couplings between one RR and two scalar fields are relevant, one can replace 
the covariant derivatives on the scalar fields by their partial derivatives. 



3 Universality and analysis of < VcV^V^V^ > 

In this section, we compute < VcV^V^V^ >0 and analyze its infinite poles and some of 
its contact terms. The corresponding low energy field theory vertices are determined by 
universality, and are subsequently shown to match the field theory poles and contact terms 
with those of the string amplitude. Because of the similarities between the present ampli- 
tudes and the amplitudes that were considered in the previous works, the present analysis 
shares some parts of the computations with the earlier works. However, most of final results 
concerning contact interactions cannot be derived, for example, by applying T-duality to 
the previous results as we will discuss in the main body. 

More specifically, the amplitude of < VcVaVaVa > was analyzed in [6], and one might 
wonder whether the amplitude of < VcV^V^V^ > could be derived by applying T-duality. 
After computing < VcV^V^V^ >, we will take up this issue. For example, we will see that 
the amplitude of < VcV^V^V^ > has some extra terms that are absent in < VqV aV aV a >• 

7 Due to the presence of a closed string state, the computation shares the technical aspects of a pure 
open string five-point amplitude (see, e.g., }23j). 
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As a comment we were not able to reproduce all contact terms of the four-point ampli- 
tude < VcVsVsVa, > with usual pull-back. This is a hint that pull-back must be modified 



Although we could find the field theory vertices that reproduce the entire pole terms and 
some of the contact terms of the string result for our four-point function < VcV^V^V^ >, 
more work is requirecjfl to find the vertices that would reproduce all contact terms. 

3.1 Computation of < VcV^V^V^ > 

Let us turn to our main result, the analysis of the amplitude of one closed string RR field 
and three scalar fields, 

' dx 1 dx 2 dx 3 dzdz{vj- 1 \x 1 )Vj°\x 2 )VP(x 3 )vt R ^\z,z)), (27) 

To obtain a precise result we must apply correct Wick and modified Wick-like contraction 
(see [HIE]). With various Wick contractions, this amplitude reduces to 

A c ^ ~ J d Xl dx 2 dx 3 dx 4 dx 5 (P-tfwM^tu&jtux^faiXui)- 1 ' 2 

x(/ 1 + J 2 + J3 + J 4 )Tr(A 1 A 2 A 3 ), (28) 

for a particular ordering that we call 123 ordering. The explicit expressions for J's are 

Ii = <: e a ' ikl - x ( Xl ) ; QX ] (x 2 )e a ' ik2 ' x( - X2 ^ : dX k (x 3 )e Q ' ifc3 ' x ^ 3 ^ : e ^ ip ' x( - x ^ : e^" ip ' D ' x ^ :> 
x<: S a (x 4 ) : S p (x 5 ) : ^Oi) :>, 

J 2 _ e o'ifci.X(xi) . e a'ik 2 .X(x 2 ) . Qj£kf x \ e a'ik 3 .X(x 3 ) . e ^-ip.X(x 4 ) . e ^-ip.D.X(x 5 ) 

x<: S , a (x 4 ) : Sp(x 5 ) :: i)\xi) : a'ik 2 .ipi/j 3 \x 2 ) >, 

J 3 — <; e a'ifci.X(xi) . QX j (x 2 )e a ' ik2 ' X( - X2 ^ : e a ' ifc 3-X(x 3 ) . e ^.ip.X(x 4 ) . e ^-ip.D.X(x 5 ) ;> 

x<: S a (x 4 ) : Sp(x 5 ) :: i)\xi) : a! 'ik 3 .^ k : (x 3 ) >, 

_ < -. e a'iki.X(xi) . e a'ik2.X(x2) . e a'ik 3 .X(x 3 ) . ^-ip.X{x 4 ) . ^-ip.D .X(x 5 ) 

x<: S a (x 4 ) : Sp(x 5 ) : V^i) : a.' ik 2 -tpip j (x 2 ) : a'ik r tjjil) k ( X3 ) :>. (29) 

Using the results of [10J [7J |8], one can show that 

It = <:.SJ.r,):.S ; (.r:,) :/.•'(,•,):,.•''/.•'(./•,): > 

a' Re[xi 4 x 2 ^\ ( 
X12X45 

x2- 3 / 2 X %\ X2A x 25 )- 1 {x 14 x 15 )- 1/2 . (30) 



(r jai c-% + a ' Re[xuX25 U ^(j a c-\p) 



8 It might be a hint that pull-back may need to be modified. We will discuss this issue in the conclusion 
section. 



9 



The correct result for the correlation function between two spin operators, two currents 
and one worldsheet fermion was obtained in [6], 

lf 3at = <:S a (x i ):S (S (x 5 )::r(xi):r^(x2):^ k (^s)> 



, -Re [£14X25] / -Re [£14X35] / -Re [£24X35] ,2 
+ a r 2 — + a r 3 — + a r 4 



x 



x 



X12X45 X13X45 £23X45 

-Re[x 2 4X 35 ] A 2 + a ,2 r ^e[£i 4 £ 2 5] x ^Re[x 2 4X 35 ] ^ 
X23X45 / 



V X12X45 X23X45 / V X13X45 



where 



^Re[x 24 X35] \ 
X23X45 / 

ri 
'2 
'•3 
?'i 
r 5 
r 6 



2 5/2 X^ 4 (x2 4 X25X34X3 5 ) 1 (x M X 15 ) 1/2 , 

= (^'(r^c- 1 )^ 
: (^(r^c- 1 )^ 



(31) 



(32) 



Inserting the spin correlators above in the amplitude and performing contractions over X, 
one finds: 



~ | dx 1 d£ 2 rfx 3 cix 4 dX5(R-^(„)M p )^/eH6^3 fe X 45 1/4 (x 1 4Xi5) 



-1/2 



x ( l\{-rf k x^ + a^) + a£4' + a Wf ~ a' 2 k 2a h h I { 



i „3 „ki I2\ 



2a^3&-<6 



rkbjai 



Tr (AiA 2 A 3 ), (33) 



where /g 6 -? 01 is given in (13"T1) . and 



I |a' 2 fcl.A;2 1™ |a' 2 fci.fc3 

F12 Fl3 



X14X15 2 X23 



X24X25 2 X34X35 2 X45 4 , 



IP 



X54 

X24X25 
fc X 54 



X34X35 
jjai 
2a- 1 5 ) 

f = Cy'2A;3 6 2- 3 / 2 £^ 4 (£34£35)" 1 (Xl4Xl5)" 1/2 



a J 3 = a %k 2n ii 



x!^(T kbi C 



a^e[xi4X 3 5] ( 

a/3 H 

X13X45 



(Vvc^w)}, 



7 7 



< 



: S a (x,) : ^(x 5 ) : ^(x x ) :>= 2- 1 / 2 £ 4 t /4 (£i4Xi 5 )- 1/2 (7 4 C , ~ 1 W- 



(34) 



10 



where 



Using the integral presented in, e.g., [26] and [7], one can rewrite the amplitude ( 133]) as 

jcm = A 1 + A 2 + A 3 + A 4 + A 5 + A (i + A 7 + A8 + A 9 + A w (35) 

with 

Ai 2~ 1 /%Sdsk [k 3b k 2a Tr {P-% (n) M p T kh ^) - h^Tr (P^ {n) M p T m ) 

-k 2a p k Tr (P^ {n) M p rn + pV'Tr (P_^f (n) M p7 1 )] U , 
A 2 ~ 2- 1 /2| 2 ^ 1 . 6 A ;2Q A ; 3^3 fc Tr(P_^ (n) M p r fcf ' a )|L 2 

A ~ 2- 1 /2|^ 2 ^ 3fcT r(P„^ (n) M p r^)}^22 

A 2- 1 / 2 $ [ 2^ 1 k 2a k 3b & 3 Tr (P^ (n) M p T bja )^L 4 

A 5 ~ 2- 1 /2| 2 e 3 .e 2 A ;2Q A;3^i t Tr(P„^ (ri) M p r to )}^5 

A ~ 2 1 / 2 L 33 {-A; 2Q ^i-^3 fc Tr(P_^ (n) M p 7 a )| 

A ~ 2 1 / 2 I 3 {y( 1 .( 3 ( 2j Tr(P.| ( „ ) M J)7 k )} 

A ~ 2 1 / 2 L 6 |^Tr(P_^ (n )M p 7^( M tei-e 3 )}. 

A 9 ~ 2 1 / 2 L 6 |e3 fc Tr(P^ (n) M p7 fe )( MS ei-6)} 

Ao ~ 2 1 / 2 L 6 |^Tr(P_^ (n) M P 7 i )(t^3.6)} (36) 



f r2(f+a+tt)+1 r(- M + Igx-g + |)£H + i)£H - g - « + 1) 
1 lJ r(-u-t + i)r(-t-s + i)r(-s-M + i) 

L2 = 2it+s+u ^r(-u + i)r(-s + i)r(-t)r(-t-s-u + l) 



L 22 = (2)- 2 ( i+s+ ")7r 
L 4 = (2)- 2 (' +s+ ^7T 



r(-u 


-t + liiX-t- 


s + i)r(-s - 


u + 


1) 


r(-m 


^rC-aH-i^ 


-t + i)r(-t- 


- s - 


- u + 


r(- 


u-t + i)r(-t 


-s + i)r(- s 


— u 


+ 1) 


r(-n 


-i)r(- a + i)r( 


-t)T(-t - s - 


- u - 


4) 


r(-« 


-t + i)r(-t- 


s + l)T(-s- 


u + 


1) 


r(-m 


-i)r(- a )r(-*H 


-l)T(-t-s- 


-u- 


4) 


r(-« 


-t + i)r(-t- 


s + i)r(-s- 


u + 


1) ' 


r(-m 


-i)r(- a )r(-*H 


- l)T(-t-s - 


- u - 


4) 


r(-« 


-t + i)r(-t- 


s + i)r(-s- 


u + 


1) ' 



11 



L 5 

La 



u 



(2) -2(t +s+ u ):r n-um-s + igH + m-t - « 

1 J r(-« - 1 + i)r(-t - s + i)r(-s - u + 1) ' 



(2) 



r(-« - 1 + i)r(-t - s + i)r(-s - u + 1) 



where 



-a 



(fci + /c 3 ) 2 , t 



-a 



(A;i + £; 2 ) 2 , w 



-a 



(37) 



(38) 



2 v , 2 

^c^^^ can j-jg f^^gr simplified to 

= ^+^2+^3, (39) 

where 

A[ ~ 2- 1 /22^.^ 2 ^ 3fe (t + s + u )l; [& 36 fc 2a Tr (P_^ (n) M p r^' ai ) - fc 36 ^Tr (P_^ (n) M p r fcb *) 

-A; 2a /Tr (P_# (n) M p F' ai ) + jSjfiTr {P^ [n) M pl l ) 
A' 2 ~ 2~ 1 ^L / J2us^ 2 k 2a k 3b U^(P-^(n)M p T kba ) -ustt^faTviP-PwMpI**) 



-2^ 3 .^ 2a ^Tr (P^ {n) M p T bja ) + 2st^ 2 k 2a k 3b ^TT (P^ {n) M p T bai ) 
-2usk 2aP h ^.^3kTT (P_^f (n) M p7 a ) + 2utk 3b p i Cx.^2 j Tr {P^Ifi {n) M pl b ) 



2~ l l 2 L\ 



£ li T*(P_# (n )M p7 i )(ts£ 3 .&; 



1 O 2 



1 <B- 3 



(40) 



The functions L[, L' 2 are given as follows: 



a 



(2)" 



(2) 



2(t+s+M)7r £H/ + i)r(- 3 + |)£H + i)£H - f 



-2(i+s+u) 



7T 



r(-u - 1 + i)r(-t - s + i)r(-s 
r(-u)r(-s)r(-t)r(-t 



u + l) 



u 



r(-u -t + i)r(-t 



i)r(- 



1) 



(41) 



For the amplitude of two fermions and three massless scalar vertex operators, there is no 
correlation between < dX j (x 2 )e 2lk ' x ^ > and < dX k (x 3 )e 2tk ' x ^ >; one can easily see that 
the terms Ar, A7, and all terms of Ai except its first term identically vanish. Since -$f( n ), M p 
and r fcjl are totally antisymmetric combinations of the Gamma matrices, it follows that 
the amplitude is nonzero only for n = p + 4, n = p + 2, and p = n. From the poles of the 
gamma functions, one can easily see that the scattering amplitude has infinite massless and 
massive poles. In order to compare this with the field theory, which has massless fields, 
one must expand the amplitude so that the massless poles of the field theory remain while 
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all massive poles rearrange themselves in the form of contact interactions. The low energy 
expansion is carried out by sending all Mandelstam variables to zero. 

As stated in the introduction, the above results cannot be entirely derived by applying 
T-duality to the previous result that was obtained for < VcV aV aV a > in [6]. All the 
terms that contain the transverse components of the momentum p l such as p>p k , the second 
and third terms in A' t , and also the last two terms in A 2 in ( 140]) . are not present in the 
corresponding result of [6]. We will ponder this issue in the conclusion. 

Let us momentum-expand the string amplitude above in the a' — > limit, 

s 0, t 0, u ->> 0. (42) 

The Mandelstam variables satisf}|§ 

s + t + u = -p a p a . (43) 

Note that the combination stL' x has appeared in eq.( l4*0il and that L[ is symmetric under 
the interchange of (u,t, s). For the st L' x term, the proper expansion is 

(DO V°° r \ Q n + m _l_ e^j-n] 

oo \ 

+ E fp,n,m{s + t + uy[{s + t) n {8t) m ] , (44) 
p,n,m=0 J 

When considering suL^, the proper expansion for suL^ is such that if^tiin the expansion 
above. Similarly when considering tuL[, the proper expansion for tuL[ is such that s -H- u 
in (144|) . The expansion for L 2 can be similarly summarized: 

OO / 1 \ oo 

suL' 2 = -vr 3/2 E b n {-{u + s) n+l \+ E e p , n , m ^M n ( S + M r 

n=— 1 p,n,m=0 
CO ✓ 1 >. oo 

E M-(*+s) n+i )+ e e p , n , m ^(t s r( s +tr 

CO ✓ 1 n OO 

E 6n(-(« + t) n+1 ) + E e^^M^t + M)" 1 (45) 

n=— 1 p,n,m=0 

where some of the coefficients b n , e p ^ m , c n , c n>m and f p ^ m are 

1 7T 2 

6_! = 1, b = 0, 6i = -vr 2 , 6 2 = 2C(3), c = 0, Cl = -— , (46) 

o o 



suL' 2 = 


-7T 3 / 2 


stL' 2 = 


_ 7r 3/2 


tuL 2 = 


_ 7r 3/2 



The constraint (|43[) implies that p a p a — > 0. Also note that it is known that for amplitudes including 
tachyon and RR, the expansion makes sense only for a constant value of p a p a — > \ [Z] • 
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1 19 

e2,o,o = e ,i,o = 2C(3),ei A o = ^ ,e-i,o,2 = ttttt 4 , e i,o,i = e o,o,2 = 6C(3), 

o o(J 



c 2 = -2C(3), ci, 



vr 2 1 2 4 1 4 

— j C 0j o — -, C 3j i — Ci )3 — — 7T , C 2i2 — -7T , 



7T 2 1 4 

Cl,0 = C ,l = 0, C 3j0 = C ,3 = , C 2j0 = C ,2 = — , Ci )2 = C 2 ,i = -4(,(3), C 4 ,o = C ,4 = — 7T , 

o 15 
The coefficients b n appeared in the momentum expansion of the S-matrix element of one 
RR, three gauge field vertex operators [6]. The function of L\ has infinite massless scalar 
poles in the (t + s + u)-channel (in contrast with the amplitude of < ~Vc~V aY aY a >, which 
has infinite gauge but not scalar poles) and L' 2 has infinite massless gauge poles in t-,s-and 
M-channels. 



3.2 Universality in all-cV order higher derivative corrections of 
non-BPS and BPS branes 

Below we determine all higher derivative corrections of non-BPS and BPS branes by utilizing 
the pattern that appeared in previous works that we now review. 

Our first example of the pattern is the case of two tachyons and two scalar fields on the 
world volume of N non-BPS D-branes [TJ. Given the leading order vertices as follows 



2T p (W) 3 STr (^m 2 T 2 {D a (f) i D a (f) i ) + D a TD a TD a <f) l D 
the all-order vertices turned out to be 

oo 

C = -2T p (W)(a') 2+n+m 



2D„6 i D h 6 i D b TD a T 



n,m=0 



prim 
L '2 



C nm + C nm^ 



where 



prim 
^2 



prim 
*~3 



prim 
i-4 



m 2 Tr ya n}Tri [D nm (T 2 D a (j) i D a (j) i ) + T> nm {D a (j) i D a (j) i T 2 )] 
+ bn^V'^TD^TD*^) + V' nm (D a (f) i TD a (f)iT)} + h.c. 
Tr ( a n . m \D nm {D a T D a T D acj) 1 D a (pi) + V nm (D a (j) i D a (f)iD a TD a T)] 
+ b^jp'^D^TD^D^D^i) + V' nm {D a ^D a TD a ^D a T)\ + h.c. 
-Tr ^ a^mlVn^D^TD^TD^^D^i) + Vn^D^^D^D^TD^T)] 
+ b^V^jD^TD^D^TD^) + V^JD^D^TD^D^T)] + h.c. 
-Tr ( a^mi^nmiD^TD^TD^D^i) + V nm (DP<l) i D' J '<f) i DpTD l j t T)] 
+ K^V^JP^TD^D^TD^) + V' nm (D^ l D^TD^D"T)] + h.c. 



(47) 



(48) 



14 



where 

V nm (EFGH) = D bl ■ ■ ■ D bm D ai ■ ■ ■ D an EFD ai ■ ■ ■ D an GD bl ■ ■ ■ D bm H, 
V' nm (EFGH) = D bl ■ ■ ■ D bm D ai ■ ■ ■ D an ED ai ■ ■ ■ D a "FGD bl ■ ■ ■ D bm H. (49) 

The crucial step seems to extract the symmetric trace in terms of the ordinary trace and 
apply the higher derivative corrections U nm ,V nm on it. 

The second example is the amplitude of two tachyons and two gauge fields on the 
worldvolume of non-BPS branes [TO"] . One just applies V nm , V' nm on the couplings between 
two tachyons and two gauge fieldso Now let us turn to BPS systems. 



The third example is four-gauge field couplings 

- T p (2W) 4 5Tr (-±F bd F d fF fh F hb + ^(F ab F ba ) 2 ^j . (50) 

The closed form of the higher derivative corrections of four-gauge fields to all orders of ol 
(which must be added to DBI) was shown [6] to be 

1 oo 

(2W) 4 — T p (ar +m e ocr+^r+^n, ( 51 ) 



87r " m,n=0 



with 



£ nm = _ Tr (a n , m V nm [F bd F df F fh F hb ] + b ntm V' nm [F bd F fh F df F hb ] + h.c. 
Q m = -Tr (a n>m V mn [F hd F#F hb F fh ] + b n>m V nm [F bd F hb F d ^ F fh ] + h.c. 



£™ = ^Tr ^ m V nm [F ab F ab F cd F cd } + b n ^V' nm [F ab F cd F ab F cd ] + h.c 

where the higher derivative operators D nm and D' nm are defined in (|4"9~|) . These couplings 
are exact up to total derivative terms and these corrections have been checked by explicit 
computations of the amplitude of one RR and three gauge fields [B|. 
The fourth example [7] is two scalar and two gauge field couplings, 

- Tp(2 ™' )4 STr {p a ^D%F ac F bc - l -{D a ^D a ^F bc F bc )) . (52) 

After implementing the crucial step mentioned above, the closed form of the higher deriva- 
tive corrections of two scalars and two gauge fields (which must be added to DBI) [8] turned 
out to be 

1 oo 

(2W) 4 — T p (aT +m E + T + OF), (53) 

Z71 m,n=0 



10 The prescription works for brane anti-brane systems as well. The only subtlety in this case is that after 
applying V nm ,V nm , all b n , m must be rendered to -b n , m [22]- 
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Q m = -Tr ( an^V^D^D^F^F^} + b n>m V' nm [D a (j) i F ac D b ( j )i F bc ] + h.c. \ , 

CT = -Tr ( a n ^V nm \D a ^D b ^F hc F ac \ + b^V^jD^F^D^F^} + h.c. ) , 

£™ m = ^Tr (a^^A^ ^^] + b n)m V nm [D ^ F hc D a faF* ] + h.c), 

As usual, the above couplings are valid up to total derivative terms and terms such as 
d a d a FFD(j)D(j) that vanish on-shell. 

The examples above suggest that there exists a regularity in the higher derivative ex- 
pansions. One can formulate a prescription based on this regularity. In order to find all 
infinite higher derivative corrections we must find the S-matrix element of desired ampli- 
tudes which are either non-BPS or BPS amplitudes. The next step is using the relation 
between Mandelstam variables. In other words we must rewrite the amplitudes such that 
all poles can be seen in a clear way. The third step is finding leading couplings from tachy- 
onic DBI or DBI action. The last step is to express the symmetric trace in terms of the 
ordinary trace and apply the higher derivative corrections V nm ,V' nm (as appeared in ( l49l) ) 
on it. 

Let us apply the prescription to the current case, the higher derivatives vertices of four- 
scalar fields. The first simple massless scalar pole is reproduced by the non-abelian kinetic 
terms of the scalar field [28j Ej , 

-T p (2W) 4 STr f—^D a (f) i D b (f) i D b (f) j D a (f)j + ^(DJW^A (54) 

Applying our prescription, one can easily determine their higher derivative forms by noting 
universality property that was present in the previous works as follows 

1 oo 

(2W) 4 — T p (aT +m E (£n + ^ + (55) 

47F m,n=0 

CIT = -Tr (a n>m V nm [D a( j) i D h( j )i D b ( jy i D a (j) j ] + b n ^V' nm \D a fD b ^ ' DbfoD'fa] + h.c. ) 

= -Tr ^a n , m V nm [D a ^D b <j> i D a ^D b ^ j \ + b n ^V' nm \D h ^D b ^ , D a ^Dy j ] + h.c. ) 
£™ 3 m = Tr ^a rhm V nm [D a 4> i Dy i D i </ 1 PD b <l> j ] + b n ^V' nm [D a ^D b ^D a ^D b ^\ + h.c) 

(56) 

By comparing (156j) and (151j) . we see that the corresponding equations in (1561) and (15 II) have 
different numerical coefficients. We will comment on this in the conclusion. We now turn 
to verification of ( |56l) . 
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3.3 Pole analyses 



We analyze the infinite massless poles of the string amplitude ( 1391) for the relevant cases 
(i.e., n = p + 2 (infinite massless scalar poles) and n = p case (infinite gauge field poles 
I 11 !), and show that the vertices together with appropriately chosen WZ vertices reproduce 
them. 

3.3.1 Massless scalar poles for n = p + 2 case 

Working out the trace and using special expansions in the previous section, the massless 
scalar poles of the string amplitude take 

e a ---a p jji(p+2) oo , 

(p+l)\{s + t + u) n ^l V 

+ut£ki.&[* ro u n + t n u m \ + ts£&.k[s m t n + s n t m ]) (57) 
where we have normalized the amplitude by (2 1 / 2 7r 1 / 2 /x p ). 




Figure 2 : The Feynman diagram corresponding to the amplitudes (f5?]). 

The first massless poles are reproduced by the non-abelian kinetic terms of the scalar 
field (I54p . Now we want to show that those higher derivative corrections with the correct 
coefficient fl55l) reproduce all infinite scalar poles in the (s + t + u)-channel of the string 
theory S-matrix. Below, we show that the rest of the poles are reproduced by 

A/i P / d^j^jy ieT ^ Tr (<j>*) H$\{o) (58) 

Let us consider the field theory amplitude of one R-R field and three scalars for the p+2 = n 
case. In Feynman rules (we use the Feynman gauge), it is given by 

A = Vl(C p+1 , 0)^(0)^(0,^,02,03), (59) 

11 The case n = p + 4 has only contact terms but no poles. 
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where 



-iS a pS ij _ -i5 a p5 ij 
T p (2na') 2 k 2 ~ T p (2ira') 2 (t + s + u) ' 

^(2W) / i p ^^(^r°--- a ^: ( p4 a 2 p ) Tr (Aa). (60) 

where k is the off-shell momentum of the scalar field and k 2 has been replaced by (t + s + u) 
in the propagator in the first equation of (1601 . Note that Tr (A Q ) is just nonzero for the 
abelian generator X a . Since the off-shell scalar field (i.e., the field 0in fl59|) ) is abelian, 
we must consider 12 (as opposed to the full 24) cyclic permutations 12 ! of the vertices for 
the given Tr (A1A2A3) ordering. After including the permutations, one obtains the higher 
derivative vertex Vg (0, 0i, 02, 03 ) from the higher derivative couplings in (!55l) as follows: 

^'(0, 1; 2 , 3 ) = Tr (A 1 A 2 A 3 A /3 )/ 9 [^'(0, 1; 2 , 3 ) + V?'(0, 0i, 2 , 0a) + ^'(0, 1; 2 , 3 )] 
where 

/ 9 = ^(a') n+m K m + &n, m )(2W) 4 T p (62) 

and 

v?(6 01,02,03) = fe^^-WA^ 

+ (A;-fc 3 )"(A;-A: 2 )^ + (k-k 2 ) n (k 2 -k 1 ) m + (k 3 -k 1 ) n (k 2 -ki) m 



G%{<t>) = 
K(C p+1 ,0) = 



v^(0,0i,02,03) = ^^^((^-^r^-^^+^^o^^-^ + ^-^r^-^r 

+(A ;r A;2) n (A ;3 -A ; 2r + (h-k 2 ) n {k r k) m + (k-hnh-kr 
+{k 3 -k) n {k 1 -k) m + (h-hrih-k)™), (63) 



12 The 12 possible cyclic permutations of the vertices are associated with different orderings of generators 
inside the trace: 

Tr (A1A2A3A/3), Tr (AiA 2 A,gA 3 )Tr (AiA^A 2 A 3 ), 
Tr (A 2 A 3 A 1 A /3 )Tr (A^A^Ai), Tr (A 2 A^A 3 Ai) 
Tr (A 3 A/3AiA 2 ), Tr (A 3 AiA 2 A,3)Tr (A 3 AiA,3A 2 ), 

Tr (A^AiA 2 A 3 )Tr (A (3 A 3 AiA 2 ), Tr (A (3 A 2 A 3 Ai) (61) 
for the given 123 ordering of the amplitude. 
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+(^ 3 n^ 2 r + (k r hnh-k 2 ) m + (^ 2 r(^ 2 r 

+ (fc!-A;)"(A: 2 -A:) m + (A; 2 • ^3)^(^2 ■ fc) 7 



The coefficients a n ^ m and 6 nim are identical to those that were computed in [6] for the case 
of four-gauge fields amplitude. We list some of them for convenience and self-containedness 
of the paper: 

71-2 n 2 

a-0,0 = — — , &o,o = -777,01,0 = 2C(3), a 0> i = 0, 6 ,i = -C(3),ai,i = a , 2 = -77r 4 /90, 
o 12 

a 2i2 = (-83tt 6 - 7560C(3) 2 )/945,6 2i2 = -(23tt 6 - 15120C(3) 2 )/1890, a li3 = -62tt 6 /945, 
a 2j0 = -4tt 4 /90, fci,! = -tt 4 /180, 6 , 2 = -7r 4 /45,a , 4 = -31tt 6 /945, a 4 , = -16tt 6 /945, 
a 1>2 = a 2)1 = 8C(5) + 4vr 2 C(3)/3, a , 3 = 0, a 3 , = 8C(5), &i, 3 = -(12tt 6 - 7560C(3) 2 )/1890, 
a 3 ,i = (-52tt 6 - 7560C(3) 2 )/945,6 ,3 = -4C(5), h, 2 = -8C(5) + 2vr 2 C(3)/3, 
6 ,4 = -16tt 6 /1890. (64) 

Substituting k±-k — k 2 .k 3 — (k 2 )/2, k%-k = k 2 .k\ — (k 2 )/2 and k 2 -k = fci./c 3 — (fc 2 )/2, one 
finds the following massless scalar poleJ^I. 

32tt^ "I n Tr (AiA 2 A 3 ) £ (v + ^) h4(i-6[rt n + sV] 

IP + J-J-l 5 + * + n J n,m=0 ^ 

+4 2! (i.(3[ru n + + tseii6.6[s ro t n + s n t m ]) (65) 

Let us compare this with the massless scalar poles of the string theory amplitude (]57p . We 
have chosen several values of n, m. Note that for simplicity common factors of both string 
and field theory have been omitted. For n = m = 0, the amplitude f)65p has the following 
coefficient 



2(a , + Vo) = -2( 



-7T 2 — 7T 2 7T 2 



6 12 



The string amplitude has a corresponding term with a numerical factor of (7r 2 co,o)- It indeed 
matches with the field theory result. At the order of a', the field theory result (|65|) has a 
term with the coefficient (a^o + ao,i + &i,o + &o,i )• This vanishes as the corresponding string 
theory term vanishes with the coefficent 7r 2 (ci j o + c^i). At the order of (a') 2 , the amplitude 



13 Contact terms are produced as well when the terms k 2 in the vertex (|63|) get canceled against the k 2 
in the denominator of the scalar field propagator. We will not consider them explicitly (for more details 
see section 7.2 of [7]) 
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(|65|) has the following coefficient 

- 2(a , 2 + a 2 ,o + b 0)2 + 62,0) (us^iM 8 * + A + "^l-Csf* 2 + + ts^.^s 2 + t 2 ]) 

-2(a M + 6i,i) Us&id.&fisu] + ut&i&.&fttu) + ^6*6 -6 [2s*]) 

= y (wse 3i ei-6[s 2 + u 2 } + ut&iZUsit 2 + u 2 } + tstu&Ms 2 + * 2 ]) 

us6k£i-6[2s«] + ut^i-CsPH + te6i&-6M 



7T 1 



and the string result has 

7T 2 (C 2 , + C , 2 ) (Wsi£l-6[S 2 + + <2i6-6[* 2 + ^] + *S^ 3 -6[S 2 + * 2 ]) 

+tt 2 C1i1 [us^3i6.&[2s«] + «^2i6.&W + te£ii&.&[2«t] 



The latter becomes equal to the former upon using the coefficients in (|46|) . At the order 
of a' 3 , field theory amplitude has two different terms. The first one has the coefficient of 
(0,3,0 + Gto,3 + ^0,3 + &3,o) which is zero and the corresponding term on the string theory side 
has a vr 2 (co i 3 + 03^) coefficient which is again zero in accordance with field theory. The 
second term has the following coefficient 

-2(a x , 2 + 02,1 + 61,2 + 62,1) = -8tt 2 C(3) 

and it again matches with the corresponding coefficient in the string amplitude, 7r 2 (c 2j i + 
ci, 2 ) = -8vr 2 C(3). 

The other comparisons to all orders of a' need not be dona 14 !. Therefore we could exactly 
reproduce the infinite massless scalar poles of the string theory amplitude of one RR and 
three scalar fields in the worldvolume of BPS branes. This confirms that we have obtained 
the higher derivative couplings of four scalars with the correct coefficients and they are 
exact up to terms that vanish on-shell. 

3.3.2 Massless gauge field poles for p = n case 

Working out the trace, it is possible to obtain all massless gauge poles in the string theory 
side as follows: 

A 2 = ±2- 1 / 2 (2 1 / 2 7r 1 / 2 / i p )^L 2 |e a °--- a - 2ba <^ ap _ 2 i^us^.^ah^k + 2^ 3 .£iA; 2a fc 36 & & 
+2^3.6*20*366*) + ^'" ap - ia H^... ap _ 1 ( - 2«aA; 2o 6.66fc + 2^6-66*) } 

14 The same checks were carried out for finding infinite massless poles of < VcVaVaVa > and 
< VcVaVaVa >in and |8]. 
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where the amplitude is normalized by 2 1 / 2 7r 1 / 2 /i p . Substituting special expansion of (145]) 
into the amplitude and keeping all the gauge field poles (but not the contact terms), one 
gets 

on , oo i 



+ 



OO J 

n=-l C 



n+1 / a ---a p _2fea 



x(-2/c 2a ^ 1 .^ 3fe ; 



2^3 



Tr (AiA 2 A a 



(66) 



Let us examine the massless gauge poles. First, we will show that effective field theory 
reproduces the infinite massless gauge poles in the it-channel, i.e., the first term in ( I66p . 
Then we reproduce the second and third terms in ( 166]) . Since the amplitudes in t- and s- 
channels are similar, we just reproduce all infinite massless gauge t-channel poles in detail. 
By interchanging the momentum and polarization of scalar fields , (2 -H- 3), one can find 
the other infinite massless gauge poles in the s-channel as well. The needed field theory 
vertex for the first term in ([66]) is 



iXfi p I STr [FP [C^ia, 
1 



i\ 2 H P / d p+1 a 



(p-1)! 



v\ao---a p 



Tr (F aoai d a2 <p k ) Ct\{°) 



(67) 



Where the scalar field comes from pull-back (see section 5 of [7]). The partial derivatives 
on the scalar fields can be replaced by the covariant derivatives. The connection parts do 
not contribute because there is no external gauge field; therefore, the off-shell gauge field 
must come from the abelian field strength. With this vertex, the massless gauge poles in 
the w-channel are reproduced in the form 



A = V:(C p ^,<Pi,A)G^(A)V p b (A,<f )2 ,<p 3 ) 
where the vertices and gauge field propagator are 



(68) 



\2 oo 

V:{C p _ u ^A) = ^(e w )«"^ 1B (frW)V^i*Vi Tr ( A i A «) E &n(a , *i.*) B+1 , 



n=-l 



(69) 



with 



G%(A) 



iT p (2W) 2 6-6(fe - A; 3 ) b Tr (AsAaA^), 



iS n ,S ab 



(27ia') 2 T p (k 2 ) 
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k is the momentum of the abelian gauge field, k 2 = (k^ + A^) 2 = — u. The propagator is 
found from the kinetic term of the gauge field in the Born-Infeld action. The vertex of 



V \A 



has been obtained from the kinetic term of the scalar field (D a (fi i D a ( l 



(A vertex similar to Vg(A, > 



was obtained in [7].) The simple massless poles of string 



amplitude indicate that the kinetic term of the scalar field has no higher derivative correc- 
tions; hence, the vertex Vg(A, 02, 03) has no higher derivative correction either. The vertex 
V£(Cp-\, 0i, A) must be derived from the higher derivative extensions of the WZ coupling 
( 1671) as follows 



T v\ao---a p 



X 



n=-l 



E Ua'T +1 Tr [d am ---d amn F aoai d a ^...d a ^d a2 c 



Cka 3 ..M p ( <J ; 



(70) 



Inserting this into the amplitude ( |68|) . one finds 



n=-l 



n+l 



X 



- 2(£ 2 .6)fc 2a fc 3op _ 1 



(71) 



These are precisely the w-channel massless poles of (1661) . Unlike the p + 2 = n case in the 
previous section, here there are no residual contact terms. 




Figure 3 : The Feynman diagram corresponding to the massless gauge pole of the 

amplitude ( f66j) in u-channel. 

Having reproduced all infinite poles corresponding to the first term of ( |66|) . we turn to 
the rest of the terms (namely, we would like to reproduce the second and third terms of 
(j66]) ). We quote those terms here: 

A P- < n =-l T V 

xiyW. ap _ 1 (-2fc 2a e 1 .6^))}Tr(A 1 A 2 A 3 ) (72) 
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Again it vanishes for the abelian group. We just kept the infinite massless poles in the t- 
channel and at the moment we disregard all contact terms. We now show that effective field 
theory will result in the infinite massless gange poles in the t-ehanneB The eorresponding 
effective field theory vertex is given by 



i\fx p J STr [FP [C (p_1) («7 : 

i\ 2 ^ p I d^crj-^ier ^ Tr (F aoai <p k ) d k C^M) 



(p-1)! 



(73) 



Notice that the scalar field in (]73|) comes from Taylor expansion (for review, see section 
5 of [7]). Now if we extract the field strength and take integration by parts we will have 
several terms such as the following: 

S (6) = i\ 2 lhj ^7^4)! ^'"K"^ 



Having taken into account the off-shell gauge field, writing the above coupling in mo- 
mentum space and applying momentum conservation along the world volume of brane we 
can obtain the final form of the vertex of one off-shell gauge field, one RR p — 1 form 
field and one external scalar field (which we labeled its polarization with £3). The vertex 
V£(Cp-i, 03, A) should be obtained from the higher derivative extension of the WZ coupling 
3D as 



5,(6) 



i\ 2 /i p / d p+1 



1 



a 



(p-1)! 



T v\a ---a p 



X 



n+1 



n=-l 



Therefore 



v:(c p ^,h,A) 



Tr f & ■ ■ ■ d amn F aoai d a -o . . . d a ^ <p k ) d k C<*T x ) (a) 



(74) 



(P-Iy- n=-l 

x/e 3fc (p+^)a P _ 1 (c (p - 1) ) ao ... ap _ 2 , 



(75) 



Note that the above vertex is taken into account after applying higher derivative extensions 
in ( 1741 . The corresponding Feynman amplitude is now 



A 



K?(Cp-i, 03, A)G%(A)V*(A, fa, 2 ), 



(76) 



15 By interchanging (2 O 3) we find the other massless poles in the s-channel. 
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with 

' <2ira') 2 



^ 6 (A0i,0 2 ) = zT p (2W) 2 e 1 .6(A;i-fc2) b Tr(A 1 A 2 A /3 ), 



ab, A \ 



(27ra') 2 T p (k 2 ) ' 



k 2 in the propagator is now, k 2 = (ki + k 2 ) 2 = —t. Now applying momentum conservation 
we can reexpress Vg(A, <fii,<j>2) as: 

Vp(A, 0i, <j> 2 ) = tT p (27ra') 2 £U2(-2k 2 -k 3 -p) b Tr(\ 1 \ 2 \( S ) 



Replacing them in the amplitude (J7bJ) , we find that the infinite massless gauge poles in the 
t-channel are reproduced as 

a 00 /r/\ n+1 

A = (2W) 2 ^e a °-^- l6 e3 fc (6.ei)Tr(A 1 A 2 A 3 ) E ^(7) + 

x ( - 2k 2h p k H ( ?L ap _ i + 2^ 3flp _ 1 < (p) ap _ 2 ) • (77) 

These exactly are t-channel massless poles of the string theory amplitude ( !72|) . So we find 
that field theory computations are in exact agreement with the string amplitude at pole 
levels. Similar computations in s-channel also lead to agreement. 

The simple massless poles of string amplitude show that the kinetic term of the scalar 
fields has no higher derivative corrections so the vertex Vo(A, 0i, <p 2 ) has no higher derivative 
correction either. 



3.4 Contact term analyses 

Above we have successfully determined the field theory amplitudes that reproduce all of the 
poles of the string amplitude. We attempt to achieve the same for the contact terms below. 
We have succeeded in the case of p + 4 = n. However, as for the cases of n = p + 2, n = p, 
we could not find the field theory vertices that reproduce the leading order contact terms 
nor the infinite extension. Perhaps this is a hint that the pull-back method may need 
modification. 

3.4.1 Contact terms for p + 4 = n case 

The relevant part of the string amplitude can be rewritten as 

/ OO OO s 

x( E b n {u + s) n+1 - E e„t p+1 (su) n (s + ur) (78) 

n=— 1 p,n,m=0 
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Figure 4 : The Feynman diagram corresponding to the amplitude of ( f78j) . 



The contact terms of this amplitude can be reproduced by an infinite extension of a 
Wess-Zumino term. Let us reproduce all those contact terms using a vertex that contains 
a (p+3)-form Ramond-Ramond potential and three scalar fields. There are two relevant 
Wess-Zumino terms depending on whether the third scalar comes from Taylor expansion 
or pull-back. The first contribution is given by 

The commutator comes from the exponential in Wess-Zumino action and the last scalar 
comes from Taylor expansion. The second Wess-Zumino term is given by 

where the commutator comes from the exponential in Wess-Zumino action and the third 
scalar comes from pull-back. Applying integration by parts these two results can be com- 
bined to yield the final result, 

S 9 = l -\*n P j d^cTj^^ier ^ Tr (V H^.^a) , (79) 

where Sg = SV + Sg and if( p+4 ) = dC^ p+3 \ While the leading contact terms of the string 
amplitude < VcV^V^V^ > are reproduced by (179|) . the rest of the contact terms require a 
higher derivative extension thereof. Evaluating the trace in (|78|) . one can show that the 
first term in ( 175|) can be reproduced by 



3(p+i; 



„ oo 

J d p+l a(eT°- ap E McO re+1 Tr (D a ^ ■ • • D an (<& i &)D ao ■ • • D Q „$ fc ) H^... ap 



n=-l 



Since we are looking for interaction between one RR and three scalars, the covariant deriva- 
tives of scalar fields can be replaced by their partial derivatives. All of the infinite contact 
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terms in the second term of (175!) can be reproduced by 




r 00 rv' / 

- d^a(e v r°- ap E e p , n ,, m (-) p+1 («0 2n+m ^S ) .. a Jr((D^ a )^ 1 J D-... J D 

p,n,m=0 




A' 



4 Conclusion 

In this work, we have analyzed the amplitudes of < VcV^ >, < VqVa > ? < VcV^V^ > and 
< VcV^VfiV^ >. We have found the field theory vertices that reproduce all infinite contact 
terms of two- and three- point amplitudes. We could produce all poles of the four-point 
function, but we could produce the contact terms only for p + 4 = n case. At the moment 
it is not entirely clear how to produce all infinite contact terms of < VcV^V^V^ > for 
p + 2 = n, p = n cases. Possibly the pull-back method may need modification. 

We found universality in all order a' higher derivative corrections of non-BPS and BPS 
branes and the universality played an important role in the determination of field theory 
vertices. Several remarks on T-duality are in order. T-duality can be straightforwardly 
employed to deduce a pure open string tree amplitude of scalar vertex operators from a tree 
amplitude of gauge field vertex operators. Once one considers an amplitude of a mixture of 
open and closed strings, direct computation is necessary because of the subtleties associated 
with T-duality. Two subtleties exist in the very construction of the RR C vertex operator 
in ([1]). First, the construction of the C vertex operator was such that one set of oscillators 
was used instead of two§ The second issue - which was addressed in footnote 4 of [2T] - 
is that the C vertex operator does not contain winding modes, and this must be related 
to the fact that we have pointed out above ( 1421 : the terms that contain p l are absent in 



We hope to be able to compute higher point amplitudes of various mixtures of open 
string and closed string states. Another more ambitious direction would be to make progress 
in the full form of the DBI action. We hope to report on these issues in the near future. 
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